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1. INTRODUCTION

The notion of BCK/BCl-algebras was introduced by Imai and Iseki in 1966.In the same year Iseki
introduced the notion of a BCl-algebras which is a generalization of a BCK-algebras. After the
introduction of the concept of fuzzy sets by L.A. Zadeh [7],several researches were conducted on the
generalization of the fuzzy sets. The idea of intuitionistic fuzzy set was first introduced by K.T.Atanassov
[1,2], as a generalization of the notion of fuzzy set. In this paper using Atanassov’s idea ,we establish the
intuitionistic fuzzification of the concept of sub-implicative ideals in BCl-algebras and investigate some of
their properties .

2. PRELIMINARIES

In this section we include some elementary definitions that are necessary for this paper.
By a BCI- algebra we mean an algebra (X,x,0) of type (2,0) satisfying the following conditions:
(1) (x»y) = (x«2)) = (z~y) = 0,
(2) (x«(x+y)) «y =0,
(3) x+x =0,
(4) x+y =0and y«x =0implyx =y, forall x,y ,zeX.
In a BCl-algebra X, we can define a partial ordering “ < by putting x <Yy if and only if
x=y = 0.A BCl-algebra X is said to be implicative if (X = (X xy) = (y «X) =y = (y = X) for all
X,y € X. A mapping f: X —» Y of BCl-algebras is called a homomorphism if
f(x~y) = f(x) = f(y) forall x ,y e X.
In any BCI- algebra X ,the following hold :
(®) (x+2) = (y=2))~(x+y) =0,
(6) X (X = (X xy)) = X »Y,
(7) 0+ (x+y) = (0 +x) « (0 +y),
(8) x 0 =x,
(9) (X +y) »z = (X +2) »Y,
(10)x<yimpliesx~z<yszandz-y<z=«X, forall x,y, z eX.
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Example 2.1 The set X = {0, 1, 2, 3 } with the following Cayley table is a BCI - algebra

« 0 1 2 3

0y 0 0 0 3
11 1 0 0 3
21 2 2 0 3
3l 3 3 3 0

Throughout this paper X always means a BCl-algebra without any specification.

Definition 2.2 An non-empty subset A of X is a positive implicative ideal of X if for all
Xe X,

(1)0+x € Aimpliesx € A

2 ((x+z)*z)«(y~z) e Aandy eAimply x =z € A.

Definition 2.3. An non empty set A in X is called a P-ideal if it satisfies forall x,y,z € X,
1)0eA,
(2) (x+2) «(y+z) e Aand yeA imply xeA.

Definition 2.4 [ 7 ]. Let X be a non-empty set. A fuzzy set p in X is a function
p:X—->[0,1].

Definition 2.5 [7 ]. Let u be a fuzzy set in X. For t € [0,1],the set p; ={ x eX | p(x)> t} is called a level
subset of p.

Definition 2.6 . A fuzzy set pin X is called a fuzzy ideal of X if
(1) 1 (0) 2 u(x),

(2 p(x)zmin{ p(x~y), u(y)}, forall x,y e X.
For any elements x ,y of a BCl-algebra , x" -y denotes

X *(...x (X * (X *y)).....) in which x occurs n times.

Definition 2.7 [ 3]. A fuzzy set pin X is called a fuzzy sub-implicative ideal of X if
(L) p(0)zp(x), ,
@) p (Y x)zmin{ g ((X*=y) «(y=x))«2), u(2)}, forall x,y,z e X.

Definition 2.8 [ 2 ]. An intuitionistic fuzzy set ( IFS) A in a non empty set X is an object having the form
A={ <X, uaX),va(x)>/x € X}, wherethe functions pa:X —>[0,1] andva: X — [0,1] denote
the degree of membership and the degree of non membership of each element x € X to the set A,
respectively, and 0 <pa(X) + va(x) <1 forallx € X.

Notation: For the sake of simplicity, we shall use the symbol A =< p a va> for the
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IFS A={<x,uaX),vaX)>/x € X}

Definition 2.9 [ 2 ]. Let A be an intuitionistic fuzzy set of aset X. For each pair <t,s > € [0, 1], the set
Ages={xeX: pax) >tand va(x) <s} is called the level subset of A .

Definition 2.10[2]. Let Abean IFSin X and lett € [0, 1] .Then the sets
Ulpa;t)={xe X:pa)>t}tand L(va t) ={ x € X:va(x) <t} are called
a u-level t-cut and v- level t-cut of A, respectively.

3. INTUITIONISTIC FUZZY SUB-IMPLICATIVE IDEALS

Definition 3.1. An intuitionistic fuzzy set A in X is called an intuitionistic fuzzy
sub-implicative ideal of X if it satisfies:

D pa(0)zpalx),

(2) va(0)<va(x),

(3) wa(y=x)zmin{ pa((X«¥)«(y=x))=2), na(2)}h

(4) va (Y +x) <max {va (((X*«y) =(y X)) +2), va (2 )} forall x )y, zeX.

Example 3.2.Let X = { 0,1,2 } with the following Cayley table be a BCI algebra.

-
[EEN
N OO
NN

Let A=< pa va >bean IFS in X defined by
nua@)=pa(@)=06,pa(2)=02and va(0)=va(l)=0.2and va(2) =0.6. Then A is an intuitionistic
fuzzy sub-implicative ideal of X.

Theorem 3.3. Let A be an intuitionistic fuzzy set in X satisfying
na(0)>pa(x)and va (0) <va (x). If Ais an intuitionistic fuzzy sub-implicative ideal of X, then A
satisfies the following inequality
pa(Ysx)zpa ((C«y)«(y=x))and va(y*«x)<va((X*«y)=(y=x)) forall
X,y eX.
Proof. Let A be an intuitionistic fuzzy ideal of X. Then
| ma(Y=x)zmin{ pa((XF=y)«(y=x)+-2), na(z)}
an
va (Y ex) <max {va ((X*=y) =(y=x)) «2) , va (2)}
Taking z = 0 we get
wa (Y =x)=min{ pa(((X*~y)=(y=x))«0), na(0)}
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Ra((Xy)=(y*x)), pa(0)}
Ha((X°+y)«(y=x))

and
va (Y +x) <max{ va (((X*+y) =(y=X))=0), va(0)}
= Va (¢~ y)~(y=x)),va(0)}
= VA (X *y) = (y X))

Theorem3.4. Every intuitionistic fuzzy sub- implicative ideal of X is an intuitionistic fuzzy ideal.
Proof. Let A be an intuitionistic fuzzy sub-implicative ideal of X. Then
() pa(0)zpa(x),
(i) va(0)<va(x),
(i) pa(y?ex)=min{ pa((X°+y)(y=x))=2), na(z)}
(iV) va (Y?+x)<max {va (((X*+Y) ~(y«X))=2),va(z)}forallxy, z e X.
Putting y = x in (iii)and (iv),we get
pa(X)=pa(Xx)
>min{ { pa(((X°X) (x+X))=2), pa(z)}
min{{ pa(x+2),na(z)}
VA(X ) = va (X2+X)
max{ { va (((X*=x) = (x=X)) =2) , va (2 )}
=max{{va(x=+2),va(z)}
forall x,z e X.
Hence A is an intuitionistic fuzzy ideal.

IA

Theorem 3.5. An intuitionistic fuzzy ideal of X may not be an intuitionistic fuzzy
sub- implicative ideal.
Proof. Let X = { 0,a,b,c } with the following Cayley table be a BCI- algebra.

« |0 a b ¢

O T O
O o929 0O
O o O o
OOOO
O O o

Let A=< pa va >Dbean IFS in X defined by
na(0)=0.7and pa(x)=0.2forall x #0and va(0)=0.2 and

va(X) = 0.7 for all x # 0.Then A is an intuitionistic fuzzy ideal of X. ,but it is not an intuitionistic fuzzy
sub-implicative ideal of X because

i (@%b) <min{ pa(((b°~a) ~ (axb)) «0), n A (0)}
va(a®b) > max{va (((b*~a)~(axb))~0),va(0)}

Theorem 3.6. Every intuitionistic fuzzy ideal satisfying the condition
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wa(Y2x)=pa((X«y)«(y=x))and va (Y2 +x ) < va ((X* +y) =(y «X) ) is an intuitionistic fuzzy sub-
implicative ideal of X.

Proof. Let A be an intuitionistic fuzzy ideal of X satisfying
PA(Yx)Zpa (O +y)«(y=Xx))and va (Y2 «x) S va (X =y) = (Y *X))
PA(Yx)Zpa((OF«y)«(Y*X))

>min{ pa(((X°+X)«(X*X))+2), pa(z)}
VA (Y *X) < VA ((XP+y) = (Y X))

<max{ va (((X*+X) «(x«X)) +2) , va (2 )}
This completes the proof.

Definition 3.7 An intuitionistic fuzzy set A in X is called an intuitionistic fuzzy positive implicative ideal
of X if

() na@=zpax),

(if) va (0) < va (x),

(i) pa(x=z)zmin{pa(((x+2)+2)+(y«2)), pa(y)}

(iv) va(X »z)<max {va (((X+2) x2)»(y*2)),va(y)}forall x,y,z eX.

Example 3.8. Let X = { 0,a,b,c } with the following Cayley table be a BCI- algebra.

., 0 a b ¢

O T 2 O
(el el M)
O o O o
OOOO
O 0o

Let A=< pa va >bean IFSin X defined by
ua(0)=0.7and pa(x)=0.2 forall x #0 and va(0)=0.2 and
va(X) = 0.7 for all x # 0.Then A is an intuitionistic fuzzy positive implicative ideal of X.

Theorem 3.9.Every intuitionistic fuzzy sub-implicative ideal is an intuitionistic fuzzy positive implicative
ideal.

Proof. Let A be an intuitionistic fuzzy sub-implicative ideal of X. Then A is an intuitionistic fuzzy ideal of
X. From Theorem 3.3
wa(b?sa)>pa((a®«b)«(b~a))and va(b*~a)<va((b?~a)«(b~a))forall
a.beX.
Substituting x~y for a and x for b we have
HA(Xsy)=pa (X«(X=(X+Y)))
= pa(b*a)
>pa((a”«b)~(b~a))
= pA(((X*y) = ((X+y) #X))) = (X = (X *Y)))
= pA(((X#y) = (= (X)) = (X = y) »X))
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= pA((X = (X * (X *y))) =y) = ((X = X) xY))
= pall(x+y) »y) = (0+y))

VA (X#y) = va (X=(X*(X~Y)))
= va (b’~a)
<va((@"«b)«(b~a))
= Va ((x=y) = ((X*y) #X))) = (X = (X *Y)))
= VA ((X*Y) = (X= (X y))) = (X Y) +X))
= VA (((X* (X« (X =¥))) =Y) = (( X X) xY))
= va ((x+y) «y) «(0+y))

Hence A is an intuitionistic fuzzy positive implicative ideal of X.

Definition3.10 An intuitionistic fuzzy set A in X is called an intuitionistic fuzzy p-ideal of X if (i) pa
(0) 2 a (%)

(i) va (0) <va (),

(i) pax)zmin{pa((X+2)«(y«2)), na(y)}h

(iv) va (x) <max {va (x+2)*(y+2)),va(y)}forall xy,z eX.

Theorem 3.11 . An intuitionistic fuzzy p- ideal of X is an intuitionistic fuzzy sub-implicative ideal of X,
but the converse does not hold.
Proof. Suppose that A is an intuitionistic fuzzy p- ideal of X . Then it is an intuitionistic fuzzy ideal of X.
Note that
(0%« (Y X)) = (X+y) = (Y =X)) = (0 ((X°=Y) = (Y «X))) = (0 = (¥« X))
= ((0+(OC=y)) + (0 «(y «x))) = (0 +y) (0 = (y +X)))
= (((0+x) = (0« ((x +¥))) = (0 « (y »x))) = ((0 «y) (0« (y »X)))
S(((0+x) = (0« ((x +y))) = (0 ~y)
=0((0 *X) #(0+y)) « (0~ (x+y))
Since in an intuitionistic fuzzy ideal A = < a, va>, 1 ais order reversing and
and va is order preserving
B Y+ x) > p a(0% (¥ <))
> min{p A((0% (Y% X)) = () = (Y «X))) , 1 a((=Y) = (¥ =)}
>min{p A(0) , pa((X*y) = (¥ =X))}
= (O y) = (Y =X))
va (Y+X) < va (0% (¥* X))
< max{va ((0% (y*X) ) = (+y) = (¥ «X))) , va ((x*Y) = (¥ =X))}
<max{va (0) , va (X*~y)  (y =X))}
=va (0 +y) « (¥ X))
Hence A is an intuitionistic fuzzy sub-implicative ideal.
Example 3.12.Let X ={0,a,1,2,3 } with the following Cayley table be a BCI- algebra.
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Let A=< pa va >bean IFS in X defined by
MA(O) =0.7, uA(a) =05 V) A(l) =n A(2) = UA (3) = 0.2 and
va(0) = 0.2, va (@) = 0.5,va (1) = va (2) = va(3) = 0.7. Then A is an intuitionistic fuzzy ideal of X. in
which the inequalities p a(y?x) > p a(Y?*X) = (y=X)) and va (Y+x) < va (y?x)«(y=x)) hold for all x .y X .
A is an intuitionistic fuzzy sub-implicative ideal of X by Theorem 3.7.
But it is not an intuitionistic fuzzy p- ideal of X, since
pa@ <min{pa(@+1)«(0+1)), pa (0}
va (2) > max{va ((@~1) »(0 1)) , va (0)}
The proof is complete.

Theorem 3.13. For any intuitionistic fuzzy sub-implicative ideal of X, the set
Xa={ xeX |p a(X) = p a(0) and va (X) = va (0) } is a sub-implicative ideal.
Proof. Clearly 0eXa. Let X ,y, z € X be such that ((x* «y) = (y =X)) »z €Xa and
zeXa Then pa (y?«x)=min{ pa (((X°+y)«(y=X))+2), na(z)}=pa(0)and
va (Y2 +x ) <max {va (((X*+y) «(y «X)) «2) , va (2)}= va (0) for all x ,y, zeX.
which implies va (y*+X) = va (0) and va (Y?«X) = va (0).Thatis , y?«X eXa
Therefore Xa is a sub-implicative ideal of X.
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